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ABSTRACT The anti-lock braking system (ABS) is a vital safety feature in modern vehicles, preventing
wheel lock during emergency braking. However, the performance of conventional ABS is often limited
by the lack of real-time road friction information. This paper introduces a novel road friction-aware
ABS, leveraging model-structured neural networks (MS-NNs) to learn the vehicle longitudinal dynamics
in different road conditions. Our framework uses a robust criterion to dynamically select from a set of
pre-trained MS-NNs based on the available sensor data, enabling real-time road friction estimation and
autonomous adaptation of the ABS parameters. Simulation experiments demonstrate that the proposed
MS-NN-based ABS significantly improves safety and performance across varying road conditions:
the braking distances are reduced by 3.0% − 40.4% compared to a conventional ABS, tuned for a
specific road condition. Furthermore, the MS-NN’s architecture shows better accuracy, generalization
and sample-efficiency compared to other neural networks in the literature, and is suitable for real-time
deployment on automotive-grade hardware. Our implementation is open source and available in a public
repository.

INDEX TERMS Vehicle control, vehicle dynamics, road friction estimation, structured neural networks,
explainable artificial intelligence, advanced driver assistance systems.

I. INTRODUCTION

THE anti-lock braking system (ABS) prevents wheel
lock during emergency braking [1], and is a mandatory

stability system in modern vehicles. The ABS operates
by modulating the brake pressure at each wheel, allowing
the driver to maintain steering control and avoid skidding.
However, the performance of conventional ABS is limited
by the lack of real-time road friction information. For
example, on slippery or icy roads, a standard ABS may not
prevent wheel lock, leading to longer stopping distances and
increased risk of accidents.

In this paper, we propose a novel road friction-aware
ABS, which autonomously adapts its parameters based on
real-time road friction estimation. Our method leverages
model-structured neural networks (MS-NNs) to learn the
vehicle longitudinal dynamics in different road conditions.
In an offline training phase, we collect a dataset of vehicle
telemetries in various road conditions, and train a set of

MS-NNs to predict the vehicle longitudinal acceleration in
each condition. In the online operation phase, we use a
robust criterion to estimate the road friction based on the
MS-NNs’ predictions and the measured vehicle acceleration.
The estimated road friction is then used to adapt the
ABS parameters, enhancing the braking performance across
variable road conditions.

A. Related Work
This section offers a critical review of the related literature,
starting from neural networks to model and control the
vehicle dynamics, and moving on to friction-aware driver
assistance systems.

1) Neural Networks to Model and Control the Vehicle
Dynamics
In the recent literature, neural networks (NNs) have been
used to model and control the vehicle dynamics [2],
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[3]. Indeed, NNs may help overcoming the limitations of
purely physics-based models [4], [5], whose design requires
expertise, manual tuning, and testing campaigns that can be
expensive and time-consuming1. One of the first examples
of NNs in the field of vehicle dynamics is [7], which
compared feedforward and convolutional NNs for path
tracking at a constant vehicle speed. The authors of [8] used
a long short-term memory (LSTM) NN to learn the steering
dynamics of a racing vehicle model and execute time-optimal
trajectories. For a similar purpose, a two-layer feedforward
NN was adopted in [9]. Gated recurrent units were used
by [10] to learn the longitudinal and lateral vehicle dynamics.
The authors of [11] devised a NN to learn minimum-jerk
vehicle maneuvers. In [12], an LSTM was employed to
predict future control outputs in autonomous vehicle racing.
In [13], [14], NNs and machine learning methods were
used to learn stochastic policies and imitate the driving
style of professional race car drivers. However, purely
data-driven NNs with general-purpose internal architectures
often struggle to generalize on unseen data.

Recently, some researchers tried to incorporate the prior
knowledge of a system’s dynamic laws into neural models,
to favor explainability [15] and sample-efficiency. This new
paradigm has two main approaches. The first one involves
solving complex (but known) partial differential equations
(PDEs) with NNs, commonly named physics-informed
neural networks (PINNs) [16]. One of the very few
examples of PINNs in the field of vehicle dynamics is
[17]. The novelty of PINNs is that the loss function
is the residual of the PDE to be solved. However, the
PINNs’ internal architectures are classical feedforward
NNs. The second approach to incorporate prior knowledge
involves neural networks with physics- or model-driven
internal architecture, hereafter named model-structured
neural networks (MS-NNs). The internal structure of an
MS-NN embeds and/or extends some physical principles
of the system to be modeled, and is designed to improve
the generalization and explainability of the NN. One of the
first examples of MS-NNs in the field of vehicle dynamics
is [18], which modeled the longitudinal vehicle dynamics.
The structure of their NN was pre-wired to satisfy some
physical principles, like the superposition of forces and the
Newton’s law. In [19], the same authors devised an MS-NN
to model and control the lateral vehicle dynamics. Their
MS-NN was then extended by [20]–[22], to control the
nonlinear lateral dynamics at the handling limits. The authors
of [23] estimated the parameters of a single-track vehicle
model using a NN, and constrained the NN parameters
to lie in ranges with physical meaning. In [24], [25],
neural tire models were integrated into a single-track car
model. Other examples of MS-NNs are [26], [27], which
controlled the steering dynamics for automated parking and
learned optimal control vehicle maneuvers, and finally [28],

1For example, the identification of tire models requires expensive tire
test rigs [6].

which developed kinematics-structured NNs to estimate the
lateral vehicle speed. Compared to general-purpose NNs, the
MS-NNs resulted in improved explainability, accuracy and
generalization with small training datasets [29].

2) Road Friction-Aware Driver Assistance Systems
Several studies proposed methods to estimate the tire-road
friction potential. Recent surveys on the topic are [30]–[32].
The road friction estimation approaches can be classified in
two main categories: effect-based and cause-based methods.
The former relate the road friction to its effects on the
vehicle dynamics, like the vehicle acceleration or the wheel
slip. Some examples of effect-based methods are [33], [34],
which used Kalman filters and neural networks. Cause-based
methods, instead, correlate the road surface texture with the
road friction, for instance using camera images and machine
learning [35]. Our work falls into the effect-based category,
which is further analyzed in the following.

In the field of anti-lock braking systems, the authors of
[36] scheduled a motorcycle’s ABS parameters based on the
road friction coefficient and the roll angle. However, they
assumed to know the road friction, rather than estimating it.
Regarding the ABS control logic, most of the literature and
practical implementations use finite state machines [1], [36],
but some authors proposed alternative control strategies [37],
like barrier Lyapunov functions [38], fuzzy control [39] and
sliding mode control [40]. However, none of the previous
works devised a road friction-aware ABS with online friction
estimation and autonomous parameter adaptation. In [41], the
road friction coefficient was estimated using pre-fitted tire
models, and was used to adjust the longitudinal slip set-point
of the ABS. The authors of [42] estimated the road surface
condition by measuring the vehicle deceleration at three
longitudinal slip values, and comparing the measurements
with pre-fitted tire models. They then used the predicted
road condition to adjust the ABS parameters. However, [41]
and [42] assumed the prior knowledge of fitted tire models
for different road surfaces, and required severe braking to
estimate the road condition.

In a commercial application, Pagani (an Italian hypercar
manufacturer) recently endowed their Utopia model with
instrumented intelligent tires, named CyberTyre [43], to
measure the tire forces and estimate the friction potential.
Similarly, instrumented tires were used by [44] to estimate
the road friction, in combination with a Brush tire model.
These sensorized tires may be employed to enhance driver
assistance systems like the ABS, but they are affordable only
for very high-end vehicles.

3) Critical Summary
To the best of our knowledge, the existing literature is limited
by at least one of the following aspects:
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• MS-NNs have never been applied to friction-adaptive
driver assistance systems.

• The few existing friction-aware ABS methods employ
instrumented tires and/or the prior fitting of tire models,
which is time-consuming and requires expensive
measurement equipment.

B. Contributions and Structure of the Paper
The main paper contributions are:

• A novel model-structured neural network (MS-NN) to
learn the vehicle longitudinal dynamics in different road
conditions. The proposed MS-NN is compared with
other neural networks in the literature, showing better
accuracy and generalization.

• The use of a robust criterion to dynamically estimate
the road friction based on standard vehicle sensor data,
without the need for pre-fitted tire models.

• An adaptive ABS system that autonomously adjusts its
parameters based on real-time road friction estimation.

• Simulation experiments to test the proposed framework
in different road conditions, showing significant
improvements in safety and performance compared to
conventional ABS systems.

This paper is structured as follows. Section II presents
an overview of our road friction-aware ABS framework
and of the vehicle model used as simulator. Section III
introduces our neural network to learn the longitudinal
vehicle dynamics, using a novel model-structured neural
architecture. Section IV outlines the estimation of the
road friction, by training multiple neural networks and
performing an online model selection. The control logic of
our friction-aware ABS framework is described in Section V,
while Section VI presents the main results. Finally, Section
VII draws the conclusions and the directions of future work.

II. Framework Overview
Fig. 1 shows a block diagram of our road friction-aware
ABS framework. In the online operation phase (right side
of Fig. 1), the human driver controls the brake pedal pb,
which is processed by our adaptive ABS logic to modulate
the brake torques T bABS at the front and rear wheels.
The ABS uses as input the vehicle speed vx, the wheel
rotational speeds ω, and a set of parameters β, which are
dynamically adapted based on the estimated road conditions.
The road friction is assessed with a set of Q model-structured
neural networks (MS-NNs): each of the MS-NNs is trained
(offline) on a specific road condition, and predicts the
longitudinal acceleration âx from past measurements of vx,
pb, engine torque Te, and road slope θ. A noise-robust
criterion compares the measured vehicle acceleration ax with
the MS-NNs’ predictions âxi , i = 1, . . . ,Q, to estimate
online the road friction. The estimate is then used to adapt
the ABS parameters β, enhancing the braking performance
in non-nominal road conditions.

A. Vehicle Model used as Simulator
All the experiments in this paper are performed with a
high-fidelity model of a C-segment electric rear-wheel-drive
car, which is used as a simulator. We employ a double-track
multibody vehicle model [4], [5], with the full Pacejka ’96
magic formula [6] to model the tire forces.

Our vehicle model has 5 controls, namely the
traction/brake torques for the four wheels and the steering
angle δD, and the following 23 states:

• x, y, ψ: planar position and yaw angle of the vehicle’s
center of mass,

• vx, vy,Ω: longitudinal speed, lateral speed, and yaw
rate,

• Fzrr , Fzrl , Fzfr
, Fzfl

: vertical forces on the four
wheels,

• δ: steering angle at the ground,
• ωrr, ωrl, ωfr, ωfl: rotational speeds of the four wheels,
• αrr, αrl, αfr, αfl: side slip angles of the four tires,
• λrr, λrl, λfr, λfl: longitudinal slips of the four tires.

This model is integrated into our high-fidelity driving
simulator, at the Industrial Engineering Department of the
University of Trento (Italy). Our simulator employs the
CARLA graphic environment [45] and runs the double-track
vehicle model using real-time hardware.

By driving this vehicle model, we collect a dataset
of vehicle telemetries in different road conditions. These
telemetries are then used to train our MS-NNs for road
friction estimation, as will be explained in the next sections.

III. Model-Structured Neural Network to Learn the
Longitudinal Vehicle Dynamics
A. Proposed Architecture of the MS-NN
Let us now describe the novel architecture of our
model-structured neural network (MS-NN) to learn the
longitudinal vehicle dynamics. Fig. 2a shows the block
diagram of the MS-NN, which computes the vehicle
longitudinal acceleration âxk

at the time step k using the
following inputs:

• A window of engine torque Te values for the last n
time steps: Te = [Tek−n+1

, . . . , Tek ],
• A window of brake pedal pb values for the last n time

steps: pb = [pbk−n+1
, . . . , pbk ],

• The current vehicle speed vxk
,

• The current road slope θk.

The sampling time for the input data windows {Te,pb} is
Ts, and is a hyperparameter of the MS-NN.

As shown in Fig. 2a, our MS-NN consists of two main
parts: one model-based and the other data-driven. The
model-based part combines the Newton dynamic equations
with a neuro-fuzzy approach, and its output is the vehicle
longitudinal acceleration âxmodelk

. The data-driven (DD) part
learns the phenomena not captured by the model-based part,
and its output is âxDDk

. Still, we design the data-driven
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FIGURE 1. Road friction-aware ABS framework: offline training (left) and online operation (right). In the online phase, the ABS modulates the brake
torques T bABS

based on the estimated road friction. The road friction is assessed with a set of Q model-structured neural networks (MS-NNs), each
trained on a specific road condition, and selected online with a noise-robust criterion.

FIGURE 2. (a) Internal architecture of our model-structured neural network (MS-NN) to learn the vehicle longitudinal dynamics. (b) local neuro-fuzzy
models to estimate the front brake torque Tbf

. The numbers in gray over the arrows represent the data size of the corresponding signals.

part to incorporate some prior knowledge of the vehicle
dynamic laws, which improves its generalization potential
and accuracy.

The final acceleration estimate âxk
is obtained as the sum

of the model-based and data-driven parts:

âxk
= âxmodelk

+ âxDDk
(1)

The following subsections illustrate the model-based and
data-driven contributions in more detail.

Before proceeding, we remark that our MS-NN is
conceptually different from the PINNs approach in the
literature [16]. As explained in Section 1, PINNs have
structured loss functions that enforce the solution of
known PDEs, but their internal architectures are classical
feedforward NNs. In contrast, our MS-NN has a structured

internal architecture that embeds the vehicle dynamics
principles, which further enhances the interpretability and
sample-efficiency.

1) Model-Based Part
Let us start from the Newton equation modeling the
longitudinal vehicle dynamics [4]:

ax =
Fxf

+ Fxr
− cv vx − kd v

2
x

m
− g cr cos(θ)− g sin(θ)

(2)
where m is the vehicle mass, cv and kd are the laminar
and aerodynamic drag coefficients, g is the gravitational
acceleration, cr is the rolling resistance coefficient, θ is the
road slope, Fxf

and Fxr are the longitudinal forces at the
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front and rear axles. To express the longitudinal forces Fxf

and Fxr
, let us consider the rotational wheel dynamics for

the front and rear axles:
2Iwf

ω̇f = −rfFxf
+ Tf −→ Fxf

=
Tf − 2Iwf

ω̇f

rf
(3a)

2Iwr
ω̇r = −rrFxr

+ Tr −→ Fxr
=
Tr − 2Iwr

ω̇r
rr

(3b)

where {Iwf
, Iwr}, {ωf , ωr}, {rf , rr}, and {Tf , Tr} are

the front and rear wheel inertias, angular velocities, radii,
and torques, respectively. Equations (3a,3b) assume that the
rotational speed of the right and left wheels on the same
axle is the same (pure longitudinal dynamics). Moreover,
under the assumption that the longitudinal slips are small,
the wheel accelerations {ω̇f , ω̇r} in (3a,3b) can be related
to the vehicle longitudinal acceleration ax as follows:

ω̇f ≈ v̇x
rf

=
ax
rf

and ω̇r ≈
v̇x
rr

=
ax
rr

(4)

By substituting (3) and (4) into (2), we can write
the longitudinal acceleration estimate âxmodel

of our
physics-based model ϕ(·) as:

âxmodel
= ϕ(Tf , Tr, vx, θ) =

=

1
m

(
Tf

rf
+ Tr

rr
− kd v

2
x − cv vx

)
− g cr cos(θ)− g sin(θ)

1 + 2
m

(
Iwf

/r2f + Iwr
/r2r

)
(5)

Neuro-Fuzzy Local Models of the Wheel Torques
The physics-based model ϕ(·) in (5) uses as input the wheel
torques Tf and Tr, at the front and rear axles. In this section,
we devise neuro-fuzzy local models to estimate {Tf , Tr}
from the brake pedal pb and the engine torque Te, which
are the actual inputs of our MS-NN. As shown in Fig. 2a,
these neuro-fuzzy models (NNfuzzy) are incorporated into
the model-based part of the MS-NN, and they are trained
together with the rest of the network.

Let us start from Tf , which is the total torque at the front
wheels. Since the vehicle is rear-wheel-drive, then Tf is
equal to the braking torque Tbf at the front wheels. Our
neuro-fuzzy model, named NNfuzzyf

, is shown in Fig. 2b
and is designed as:

Tf = Tbf = NNfuzzyf
(pb) =

N∑
i=1

i−th local model︷ ︸︸ ︷(
pb ⊙ψbi(pb)

)
·

Ff1i...
Ffni


(6)

where the symbol ⊙ denotes the Hadamard element-wise
vector product. The input pb = [pbk−n+1

, . . . , pbk ] is a vector
of brake pedal values for the last n time steps. Using a
history of past samples for pb allows our model to learn
the braking dynamics [18] and to predict the brake torque
Tbf at the current time step. Moreover, in (6) we use N local
models to learn the braking dynamics in different ranges of

0.0 0.2 0.4 0.6 0.8 1.0
pb [-]

0.0

0.5

1.0

[-
]

ψb1
ψb2

ψb3
ψb4

0.0 0.2 0.4 0.6 0.8 1.0
Te/Temax

[-]

0.0

0.5

1.0

[-
]

ψe1
ψe2

ψe3

FIGURE 3. Activation functions ψbi
(pb) and ψej

(Te), i = 1, . . . ,N and
j = 1, . . . ,M, for the neuro-fuzzy models NNfuzzyf

(pb), NNfuzzyr (pb)

and NNfuzzye (Te) in (6) and (8). The best values for the numbers of local
models are N = 4 and M = 3, and they are found through a grid search
(Table 1). Note that the brake pedal pb ranges in [0, 1], while the engine
torque Te is normalized with respect to its maximum value Temax .

pb. The i−th local model is activated around a center point
pb0i , through a fuzzy-like activation function ψbi(pb):

ψbi(pb) =
[
ψbi(pbk−n+1

) . . . ψbi(pbk−1
) ψbi(pbk)

]
(7)

with i = 1, . . . ,N . As depicted in Fig. 3, ψbi(pb) is
piecewise linear in pb, ψbi(pb) = 1 for pb = pb0i , and∑N

i=1 ψbi(pb) = 1. The centers pb0i and the numbers of
local models N are hyperparameters of the NNfuzzyf

model,
and are found through a grid search (Table 1).

As shown in Fig. 2b, the i−th local model of (6) has
a fully connected layer F fi , with n learnable weights
{Ff1i , . . . , Ffni

}. F fi learns a linear combination of the
window pb of past brake pedal values, and models the
discrete-time impulse response of the braking dynamics
around pb = pb0i [18]. Finally, the outputs of all the local
models are summed, yielding the front brake torque Tf in
(6), which is then fed to (5).

Similarly, the rear wheel torque Tr is modeled as:

Ter = NNfuzzye
(Te) =

M∑
j=1

(
Te ⊙ψej (Te)

)Fe1j...
Fenj

 (8a)

Tbr = NNfuzzyr(pb) =

N∑
i=1

(
pb ⊙ψbi(pb)

)Fr1i...
Frni

 (8b)

Tr = Ter + Tbr (8c)

where Tr is the sum of the engine-generated torque Ter
and the rear brake torque Tbr . The engine-generated torque
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Ter is estimated using the neuro-fuzzy model NNfuzzye
(Te),

whose input is the past history of the engine torque Te =
[Tek−n+1

, . . . , Tek ]. NNfuzzye
(Te) uses M local models, and

its architecture (8a) is similar to the one of NNfuzzyf
(pb)

in (6). The design of the activation functions ψej (Te) is
analogous to the ψbi(pb), and they are plotted in Fig. 3.

Finally, the rear brake torque Tbr is estimated using the
neuro-fuzzy model NNfuzzyr

(pb) in (8b), which has the same
structure as the NNfuzzyf

(pb) previously described.

Learnable Parameters in the Model-Based Part
To summarize, the learnable parameters in the model-based
part of the MS-NN are the following:

• In the analytical relation (5): the vehicle mass m, the
laminar and aerodynamic drag coefficients {cv, kd}, the
rolling resistance coefficient cr, the front and rear wheel
inertias {Iwf

, Iwr},
• In the neuro-fuzzy local models (6)-(8): the

weights {Ff1i , . . . , Ffni
}, {Fe1j , . . . , Fenj

},
and {Fr1i , . . . , Frni

}, with i = 1, . . . ,N and
j = 1, . . . ,M.

All these parameters are treated as learnable weights for
the training. Section B explains the training method and the
dataset collection for our MS-NN. Let us now describe the
data-driven part of the MS-NN.

2) Data-Driven Part
The data-driven part of our MS-NN (gold block in Fig. 2a)
learns the effects not captured by the model-based part, and
is an extension of the structured convolution-like NN of [18].

The data-driven part consists of two branches. The upper
branch in Fig. 2a processes the window of brake pedal values
pb with a two-layer feedforward neural network: the first
fully-connected layer (F 1 in Fig. 2a) has w neurons and a
rectified linear unit (relu) activation function, and the second
layer (F 2) has a single neuron. The relu (with a minus sign
in front) encodes the fact that the brake pedal pb can cause
only negative accelerations.

The second branch uses a similar two-layer NN (with a
tanh activation function) to process the window of engine
torque values Te.

The two branches provide the braking and traction effects
due to the brake pedal and engine torque, respectively.
Finally, the outputs of the two branches are summed, to
preserve the additivity of forces in the Newton’s law (2).
Thus, the data-driven side of our MS-NN is still partly
inspired by the physical laws of the vehicle dynamics.

Learnable Parameters in the Data-Driven Part
The learnable parameters in the data-driven part of our
MS-NN are the weights and biases of the fully-connected
layers: F 1 (with w neurons), F 2 (1 neuron), F 3 (w neurons),
and F 4 (1 neuron). w is a hyperparameter of the MS-NN,
and is tuned as described in Section 2. The model-based

and data-driven parts of our MS-NN are trained together,
and Section B explains the training method.

B. MS-NN Implementation with the NNodely Open
Framework
Implementing highly structured neural networks, such as
MS-NNs, can be challenging when using general-purpose
machine learning libraries like PyTorch. These tools,
while versatile, require significant expertise in machine
learning to manually encode domain-specific knowledge
into neural architectures, making the process complex and
time-consuming.

Our new open-source software tool, named NNodely,
simplifies this process by providing a modular and
intuitive framework designed specifically for MS-NNs. The
framework simplifies the process of embedding physical
principles into neural networks, reducing the complexity of
development and making these methods accessible to users
with a background in classical modeling, such as engineers
and physicists, while supporting deployment in PyTorch and
ONNX.

In this paper, NNodely is used to enable rapid exploration
of multiple MS-NN architectures. Our approach significantly
accelerates the development process while maintaining the
flexibility required for experimentation. The code for the
implemented network is available at https://github.
com/tonegas/nnodely-applications/tree/
main/vehicle/road_friction_aware_ABS.
Also, the NNodely framework is released as an
open-source software, and can be accessed at
https://github.com/tonegas/nnodely.

IV. Road Friction Estimation
A. Workflow Overview
This section explains our method for real-time road friction
estimation. Section B describes the data collection and
training of the MS-NNs on different road conditions, which
is part of the offline training step in Fig. 1. Section C
deals with the real-time model selection for road friction
estimation, which is carried out in the online operation phase
of Fig. 1.

B. Training the MS-NNs on Different Road Conditions
1) Training Dataset
We collect the training datasets for our MS-NNs by driving
our vehicle simulator (Section A) in four different road
conditions: dry, wet, snowy, and icy asphalt. We generate
a target speed profile that can be executed in nearly
all road conditions, and we use a PID controller with
speed-dependent gains to let the vehicle simulator track the
desired speed [20].

Fig. 4a shows the speed vx profiles and the corresponding
pedal p profiles (p ∈ [0, 1] for throttle, p ∈ [−1, 0] for
braking) used for training. The training datasets in Fig. 4a
consist of two parts (separated by a dashed line at 300 s): in
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FIGURE 4. (a) Pedal and speed profiles used to train our MS-NN on
different road conditions: dry, wet, snow and ice. The dashed line at 300 s
separates two parts of the training dataset: the first part tracks a given
speed profile with a tracking controller, while the second sets the pedal
control directly, to better explore the domain. (b) Comparison between the
measured acceleration ax and the MS-NN’s predictions on the dry (top)
and ice (bottom) training sets.

the first part (up to 300 s), our speed-tracking PID controller
computes the pedal profile to track a given speed trajectory,
which we design to explore most of the vehicle speed range.
In the second part (last 50 s), the pedal profile is manually
set to better explore the pedal range. Note that, in the last
50 s, the vehicle speed on ice is higher than on dry asphalt:
this is because, during the hard-braking event around 315 s,
the vehicle decelerates less on ice than on dry asphalt (for
the same pedal values), and then keeps a higher speed until
the end of the profile.

Hyperparameter Meaning Value
Ts Sampling time of input data windows 0.05 s

n Length of the input data windows 10

N
N. neuro-fuzzy local models

for the brake pedal pb
4

M
N. neuro-fuzzy local models

for the engine torque Te
3

w
N. neurons in the

fully connected layers F 1, F 3

5

TABLE 1. Hyperparameters of our MS-NN, tuned with a grid-search.

We remark that the training dataset for each road condition
has a duration of less than 6 minutes (350 s, corresponding
to 7000 samples with a sampling time Ts = 0.05 s), which
is very short in comparison with the large amounts of data
typically required to train traditional deep neural networks
[46]. Indeed, the model-structured architecture of our NN
needs small training datasets to generalize well on unseen
scenarios.

2) Training and Hyperparameters Tuning
For each of the four road conditions, we train a
model-structured neural network (MS-NN) on the collected
datasets. The MS-NNs are trained with supervised learning,
where the loss function is the mean squared error between
the predicted and the actual vehicle acceleration ax. We use
the Adam optimizer [47], with a batch size of 128 and 200
epochs. Thanks to their model-structured architecture, our
MS-NNs need a very low number of training epochs to
converge, which is an advantage in terms of training time
and computational resources.

The main hyperparameters of the MS-NN’s internal
architecture are tuned with a grid-search approach, and the
final hyperparameter values are reported in Table 1.

Fig. 4b shows that our MS-NNs can accurately predict the
vehicle acceleration ax in different road conditions. Section
VI will assess the generalization capabilities of our MS-NNs
on unseen data, and will compare the MS-NNs against other
neural networks in the literature.

C. Real-time Road Friction Estimation through Robust
Model Selection
As explained in Section 2 and Fig. 1, we train four
MS-NNs on four corresponding road conditions. During
online operation, we need to select the most likely MS-NN
for the current road condition, to adapt the parameters of the
ABS system accordingly.

As shown in Fig. 1, we use a model selection algorithm to
choose the most likely road condition. At each time step, this
algorithm compares the measured longitudinal acceleration
ax with the predictions âxi

, i = 1, . . . ,Q, of our Q = 4
MS-NN models. The algorithm then selects the model with
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Parameter Meaning Value
σe Parameter of the evidence function (9b) 0.18 m/s2

Ns Window size for the salience (10) 10

Lth
Likelihood threshold

for the model selection (12)
0.26

TABLE 2. Parameters of the WTA and MSPRT algorithms for model

selection.

the highest likelihood, and uses the corresponding road
condition to adapt the ABS parameters.

We evaluate two model selection algorithms: the winner
takes all (WTA) and the multi-hypothesis sequential
probability ratio test (MSPRT) [48]–[50]. Section 1 will
quantitatively compare these two algorithms, and will show
that the MSPRT performs a more robust model selection in
the presence of noise. In the following, we provide a brief
description of the two algorithms.

1) Winner Takes All (WTA)
The WTA selects the model with the highest evidence at each
time step. In our case, we compare the predictions of the Q =
4 MS-NN models. At the time step k, the prediction error
eik of the i−th model is defined as (9a), and we compute the
corresponding evidence ϵik with a Gaussian function (9b):

eik = axk
− âxik

(9a)

ϵik = exp

(
− e2ik
2σ2

e

)
(9b)

where σe is a tunable parameter, whose numerical value is
reported in Table 2. At each time step k, the WTA selects
the model with the highest evidence ϵik , and uses it to adapt
the ABS parameters. However, the WTA may lead to very
frequent model switches in the presence of measurement
noise, which can be detrimental for the ABS performance.

2) Multi-Hypothesis Sequential Probability Ratio Test
(MSPRT)
In contrast to the WTA, the MSPRT accumulates evidence
over time to make a more robust model selection [50]. The
accumulated evidence is named salience, and is calculated
at each time step k for the i−th model as the mean of the
past evidence values:

Sik =
1

Ns

k∑
j=k−Ns+1

ϵij (10)

where Ns is the window size for the mean calculation, whose
value is reported in Table 2, and the evidence ϵij is defined
in (9b). Finally, to select the most likely model, we compute
the likelihood Lik of the i−th model as:

Lik = exp

(
Sik − log

( Q∑
j=1

exp(Sjk)
))

(11)

where Q is the number of models (in our case Q = 4), Lik ∈
[0, 1], and the sum of the likelihoods of all models is equal to
1, i.e.,

∑Q
i=1 Lik = 1. When the likelihood of the i−th model

exceeds a threshold value Lth, then we select this model, and
use it to adapt the ABS parameters. Otherwise, we keep the
previously selected model. If more than one model exceeds
the threshold, we select the one with the highest likelihood:

ik =

{
argmaxi Lik if Lik > Lth

ik−1 otherwise
(12)

where ik is the index of the selected model at time step
k, with ik = 1, . . . ,Q. The threshold value Lth ∈ [0, 1]
is a tunable parameter, whose numerical value is reported
in Table 2. Low values of Lth lead to frequent model
switches, while higher values of Lth yield a slower but more
noise-robust model selection.

Note that we do not need to set any friction coefficient
thresholds for our online road friction estimation. Instead,
we need to define only the likelihood threshold Lth, above
which a model is selected during operation.

All the parameters of the WTA and MSPRT algorithms in
Table 2 are tuned with a grid-search approach, to improve the
braking performance (i.e., minimize the braking distances) in
the test scenarios of Section VI.

V. Road Friction-Aware Anti-Lock Braking System
This section describes the working principles of our ABS,
starting from the control logic (Section A), and then
explaining the ABS parameters tuning (Section B) and the
online adaptation (Section C).

A. ABS Control Logic
Fig. 5a depicts a block diagram of our ABS control system.
The ABS operates on each wheel individually, and uses the
following inputs: the set of requested wheel brake torques
Tb (which depend on the driver’s brake pedal command),
the measured wheel rates ω and vehicle speed vx, and a set
of ABS parameters β that are adapted in real-time by the
road friction estimation module. The ABS outputs the actual
brake torques TbABS to be applied to the wheels.

We adopt the four-state ABS control logic of [1, Chapter
4], which is based on the finite state machine (FSM) in Fig.
5b. For each wheel, the FSM takes as input the requested
brake torque Tb and the wheel slip λ, which we estimate
using the method in [1, Chapter 5]. The FSM’s control output
u can have three values, u ∈ {+k, 0,−k}, where k is a
constant that represents the maximum rate of change of the
brake torque. The four states of the FSM are q = {0, 1, 2, 3},
and they correspond to the following actions, depicted in Fig.
5b and 6a:

• q = 0 → it is the initial state, when a braking maneuver
starts. The control u is set to k: the brake torque Tb can
increase up to a threshold Tbmax (Σ3 line in Fig. 6a).
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FIGURE 5. (a) Block diagram of the ABS control system, and (b) finite
state machine (FSM) of the ABS control logic.

• q = 1 → the control u is set to 0: the brake torque Tb is
kept constant until the wheel slip λ reaches a threshold
λmax (Σ1 line in Fig. 6a).

• q = 2 → the control u is set to −k: the brake torque
Tb decreases until it reaches a threshold Tbmin (Σ2 line
in Fig. 6a).

• q = 3 → the control u is set to 0: the brake torque
Tb is kept constant until the slip λ drops to a threshold
λmin (Σ4 line in Fig. 6a).

Hence, the set β of tunable parameters of the ABS logic is
given by:

β = {Tbmax , Tbmin , λmin, λmax} (13)

B. ABS Parameters Tuning
The ABS parameters β in (13) are tuned by combining a
theoretical approach with braking experiments.

The theoretical method is based on the so-called
equilibrium manifold Ψ(λ), plotted in Fig. 6 for the vehicle
model of this paper (Section A) under different road
conditions. Following [1], Ψ(λ) is a set of equilibrium points
between the wheel slip λ and the brake torque Tb. Ψ(λ) can
be derived analytically from a single-corner vehicle model,
and the interested reader can find the details in [1]. Using the
equilibrium manifold in Fig. 6a, we suitably tune the ABS
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FIGURE 6. (a) Stable limit cycle (red box) in the equilibrium manifold
diagram of our four-state ABS control logic. The positions of the four
lines Σ1,Σ2,Σ3,Σ4 correspond to the ABS parameters β in (13), which
we tune to ensure the stability of the limit cycle. (b) Equilibrium manifold
Ψ(λ) under the four road conditions used to train our framework.

parameters β in (13) to ensure the stability of the limit cycle
(red box in the figure): the conditions for the existence and
stability of the limit cycle are discussed in [1, Chapter 4]. In
practice, these conditions require that the limit cycle must be
centered around the peak of the equilibrium manifold curve,
as depicted in Fig. 6a. Using the theory of the equilibrium
manifold, we tune the ABS parameters β in the four nominal
road conditions (dry, wet, snow, ice) described in Section B.

However, the equilibrium manifold Ψ(λ) is a theoretical
and simplified construct, and the real vehicle behavior may
locally differ from it. Thus, the ABS parameters β found
with the equilibrium manifold analysis are further fine-tuned
with the braking maneuver in Fig. 7. This test consists of
two braking phases, with different brake pedals and vehicle
speed. For each of the four road conditions used to train
our framework, we fine-tune the ABS parameters β to keep
the wheel slips in bounded regions and avoid wheel lock. As
shown in Fig. 7 for the cases of wet and icy roads, our tuned
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FIGURE 7. Braking maneuver used to fine-tune the ABS parameters β in
the different road conditions. Top: pedal profile (< 0 for braking); center
and bottom: front wheel slips λ in the wet and icy road conditions. When
the ABS is OFF, the wheel slips go to −1 (wheel lock), while the ABS ON
keeps the slips in bounded regions, which decreases the stopping
distances.

Parameter Dry Wet Snow Ice
front/rear front/rear front/rear front/rear

Tbmax [Nm] 1250/830 700/650 600/550 300/220

Tbmin
[Nm] 500/500 350/350 200/200 50/50

λmax [-] 0.25/0.25 0.17/0.17 0.14/0.14 0.12/0.12

λmin [-] 0.1/0.1 0.075/0.075 0.03/0.03 0.015/0.015

TABLE 3. Tuned ABS threshold parameters for the front and rear axles,

under the four road conditions used to train our framework.

ABS limits the wheel slips in ranges close to the peaks of the
equilibrium manifolds, which reduces the stopping distances.

Table 3 reports the final tuned values of the ABS
parameters β for the front and rear axles, under the four
road conditions used to train our framework (Section B).

C. ABS Parameters Adaptation through Road Friction
Estimation
As explained in the previous section, we tune the ABS
parameters β in (13) for four road conditions (dry, wet,
snow, ice). Also, we train our MS-NNs on the same road
conditions (Section B). At inference time (online operation),
we use the road friction estimation module (Section C) to
select the most likely road condition, and we adapt the ABS
parameters β accordingly.

VI. Results
A. Simulation Environment
The results shown in this paper are obtained with our
vehicle model of Section A, which we use as a simulator.
Our vehicle model and ABS controller are implemented in
MATLAB-SIMULINK, from which we generate the C++ code
to be run in our simulations.

The measured vehicle states and controls (vehicle speed,
acceleration, wheel rates, brake pedal, engine torque) are
provided by sensor models, which contain realistic noise
levels.

Our MS-NNs and the online model selection algorithm are
implemented in Python, using the NNodely open framework,
and our code is open source (Section B). During operation,
the MS-NNs and the model selection algorithm run in
parallel with the vehicle model simulator.

B. Test Scenario
Fig. 8 shows the test scenario used to evaluate the
performance of our adaptive ABS system. The test scenario
is different from the training conditions: as depicted in Fig.
8a, the vehicle experiences varying and non-nominal road
friction coefficients, from near-dry to near-icy asphalt. Also,
the pedal and speed profiles in Fig. 8b cover a wide range
of the operating domain, and they differ from the training
profiles in Fig. 4a.

C. Road Friction Estimation and ABS Parameters
Adaptation
Let us now evaluate the performance of our friction-aware
ABS system in the test scenario of Fig. 8. We start by
analyzing the road friction estimation, and then we assess
the performance of our adaptive ABS in comparison with a
standard ABS.

1) Road Friction Estimation: WTA versus MSPRT
The central plot in Fig. 8a compares the measured ax
acceleration signal with the predictions âxi

, i = 1, . . . ,Q,
of our Q = 4 MS-NN models, each of which is trained on
a different road condition (respectively dry, wet, snowy and
icy asphalt). When the vehicle brakes, the prediction errors
vary significantly among the 4 models. For example, in the
first braking event (around t = 40 s), the prediction of the
model trained on snowy asphalt (green line) is the closest to
the measured acceleration, and indeed the road condition is
near-snowy.

The bottom plot in Fig. 8a shows the index i of the
selected model at each time step, i = 1, . . . ,Q, and compares
the WTA and MSPRT selection algorithms (Section C).
The WTA (red line) selects the model with the highest
evidence at each time step, but yields very frequent model
switches in the low-acceleration regions, due to the noise in
the acceleration signal. These frequent switches can result
in a suboptimal adaptation of the ABS parameters, with
potential stability issues and ABS performance degradation.
Indeed, the WTA was shown to work well only in noise-free
simulated scenarios [51]. Conversely, the MSPRT (black
line in the bottom plot of Fig. 8a) accumulates evidence
over time, and makes a more robust model selection in the
presence of noise. Indeed, the MSPRT’s selection is stable
even in the low-acceleration regions, and model switches
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FIGURE 8. (a) Road friction estimation with the WTA and MSPRT model
selection algorithms, on a test scenario. Top: friction coefficient profile.
Middle: measured acceleration ax and predictions âxi

, i = 1, . . . ,Q, of
the Q = 4 pre-trained MS-NNs, where i = 1 is dry asphalt, i = 2 is wet
asphalt, i = 3 is snowy asphalt, and i = 4 is icy asphalt. Bottom: index i
of the selected model at each time step, i = 1, . . . ,Q, with the WTA and
MSPRT algorithms. (b) Pedal and vehicle speed profiles used in the test
scenario.

occur only when the accumulated likelihood of the selected
model exceeds a threshold value (Section C). In the two
hard-braking events of Fig. 8a, the MSPRT correctly selects
the models whose predictions are closest to the measured
acceleration: the snowy asphalt model in the first event
(around t = 40 s), and the wet asphalt model in the second
event (around t = 90 s).

These results show that the MSPRT algorithm is less
sensitive to measurement noise than the WTA. By computing
the likelihood over a time window, the MSPRT accumulates
evidence before making a decision, which avoids frequent
noise-induced model switches and provides a more stable
road friction estimation. This confirms the findings of [51],
[52], which recently applied the MSPRT for noise-robust
maneuver selection in autonomous driving agents. Indeed,
the MSPRT was shown to yield the shortest decision
time in noisy multi-alternative scenarios [48], for given
error rates and decision thresholds. Finally, it is worth
mentioning that the MSPRT is strongly related to biological
decision-making processes, and in particular to the way
actions are selected in the basal ganglia of the human
brain [50]. This further motivates the use of the MSPRT
in autonomous decision-making and model selection tasks,
like the road friction estimation in our adaptive ABS system.

The following subsection shows how the adaptation of the
ABS parameters based on the road friction estimation affects
the vehicle’s braking performance.

2) ABS with Adaptive Parameters versus Standard ABS
By exploiting the road friction estimation outlined in the
previous section, we perform online adaptation of the ABS
parameters. Specifically, we adapt the threshold values of the
ABS system according to the road condition, as described
in Section C.

Fig. 9 compares the performance of our adaptive ABS
against standard ABS systems, which we use as benchmarks.
The standard ABS has a four-state control logic [1, Chapter
4] like our adaptive system (Section A), but the standard
ABS is fine-tuned for single road conditions, and its
parameters are not adapted in real-time. Specifically, the
standard ABS systems are tuned for dry, wet, snowy,
and icy asphalt, and we use the corresponding parameters
reported in Table 3. Note that these ABS parameters
are the same as our adaptive system in the single road
conditions, but they are kept fixed during operation. The test
scenario is the same as in Fig. 8: the vehicle experiences
varying road friction conditions and goes through two
hard-braking events. As shown in Fig. 9, our adaptive
(friction-aware) ABS outperforms the standard ABS in both
braking events: the vehicle reaches the lowest speeds (Fig.
9a) and wheel-lock never occurs (Fig. 9b). Conversely, the
standard ABS systems tuned for single road conditions (dry,
wet, snow, ice) degrade the vehicle’s braking performance in
non-nominal road conditions. For example, both the standard
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(a)

(b)

FIGURE 9. Comparison of our adaptive and standard ABS (benchmark)
systems in the test scenario of Fig. 8. (a) Vehicle speed vx profiles and (b)
front and rear wheel rates {ωf , ωr}, during the two hard-braking events.
The standard ABS systems are tuned for single road conditions (dry, wet,
snow, ice), while our adaptive friction-aware ABS adapts its parameters in
real-time according to the road friction estimation. Our adaptive ABS
outperforms the standard ABS, avoiding wheel-lock and achieving the
lowest vehicle speeds during braking.

ABS systems tuned for dry and wet conditions (blue and
orange lines) lock the wheels in the first braking event, when
the road is near-snowy.

Quantitatively, we compare the adaptive and standard ABS
in terms of braking distances and maximum peak values of
the longitudinal wheel slips. Table 4 reports the main results:
our friction-aware ABS achieves the lowest braking distances
in both braking events, with an improvement ranging in
3.0%−40.4% compared to the standard ABS systems. More

(a)

(b)

FIGURE 10. Architectures of the neural network benchmarks that we use
for comparison with our MS-NN: (a) the MS-NN derived from [18, Section
5.2]; (b) a general-purpose feedforward NN (GP-NN) derived
from [18, Section 5.1]. The numbers in gray over the arrows represent the
data size of the corresponding signals.

precisely, our test scenario (Fig. 8 and 9) involves braking
on near-snowy and near-wet asphalt: the standard ABS tuned
for a snowy road performs the best among the standard ABS
systems, but our friction-aware ABS still achieves a 3.0%
improvement in the total braking distance.

Also, our adaptive ABS keeps the maximum wheel slip
below a safe threshold of 0.27 in all cases.

Thus, the proposed adaptive ABS significantly decreases
the braking distances in hard-braking maneuvers, enhancing
the safety and stability of the vehicle in variable non-nominal
road conditions.

D. MS-NN versus Literature Benchmarks
This section compares the performance of our novel MS-NN
(Section III) with the following benchmarks:

• Another MS-NN, derived from the one of [18, Section
5.2] and shown in Fig. 10a.

• A NN with a general-purpose internal structure
(GP-NN), derived from [18, Section 5.1], and shown
in Fig. 10b.
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ABS type Braking distance [m] Max tire slip in braking [-]
First braking event Second braking event Total braking distance

(Fig. 9a) (Fig. 9a)

Standard ABS tuned for dry 82.12 24.91 107.03 0.99
Standard ABS tuned for wet 81.83 25.87 107.70 0.99

Standard ABS tuned for snow 68.59 28.79 97.38 0.24
Standard ABS tuned for ice 121.95 36.65 158.60 0.19

Adaptive friction-aware ABS (ours) 68.59 25.84 94.43 0.27

TABLE 4. Braking distances and maximum peak values of the longitudinal wheel slips for the adaptive friction-aware and standard ABS (benchmark)

systems, in the test scenario of Fig. 8 and 9. Our friction-aware ABS achieves the lowest braking distances in the two braking events shown in Fig. 9a, in

different road adherence conditions, and keeps the maximum wheel slip below a safe threshold of 0.27.

Both benchmarks have the same inputs and outputs as our
MS-NN, and are trained with the same datasets. Let us now
briefly describe the architectures of the two benchmarks.

MS-NN Benchmark
The MS-NN benchmark in Fig. 10a is derived from [18,
Section 5.2], excluding the selected gear as input. The
structure of this NN preserves some prior knowledge of
the vehicle dynamics, such as the additivity of forces in
the Newton’s law (final summation in Fig. 10a) and the
quadratic dependency of the aerodynamic drag force on the
speed (quadratic layer in the top branch of Fig. 10a). The
learnable parameters are in the fully connected layers FMi ,
i ∈ 1, . . . , 4.

GP-NN Benchmark
The GP-NN benchmark in Fig. 10b is a general-purpose
two-layer feedforward NN, derived from the one of [18,
Section 5.1]. All the inputs are concatenated along the
first dimension (concat layer in Fig. 10b), and are then
processed by the two fully connected layers FG1 (with
nn = 10 neurons and a relu activation function) and FG2

(with 1 neuron and a linear activation function). This NN
does not incorporate any prior knowledge of the vehicle
dynamics, and relies on a black-box approach to model the
vehicle’s longitudinal dynamics.

Benchmarking and Discussion
Fig. 11 compares the predictions of our MS-NN with the
two benchmarks, for the dry, wet, snowy, and icy road
scenarios. Table 5 reports the root mean square error (RMSE)
and fraction of variance unexplained2 (FVU) for the most
extreme cases of dry and icy asphalt. The proposed MS-NN
(green line in Fig. 11) yields the most accurate predictions
in all cases: the performance gain is 14.9%−55.1% in terms
of RMSE and 25.7%−63.3% in terms of FVU, compared to
the benchmarks. The GP-NN benchmark provides a noisier
and slightly less accurate prediction, while the MS-NN

2The FVU indicates the fraction of the total variance in the observed data
that remains unexplained by the model (the lower the better). The FVU is
computed as var(ax− âx)/var(ax), where var(·) is the variance operator.

Model name RMSE [m/s2] FVU [-]
Dry Ice Dry Ice

MS-NN [18, Sec. 5.2] 0.711 0.524 0.177 0.343
GP-NN [18, Sec 5.1] 0.375 0.455 0.098 0.260

Our MS-NN 0.319 0.396 0.065 0.193

TABLE 5. Comparison of the RMSE and FVU metrics for our MS-NN and

the two literature benchmarks from [18], in the dry and icy road scenarios.

Our MS-NN achieves the lowest RMSE and FVU values, indicating better

accuracy and better modeling of the variance in the telemetry data.

benchmark’s accuracy degrades in certain scenarios, like the
dry and snowy road cases. Indeed, the MS-NN benchmark
of [18, Section 5.2] was not conceived to capture the vehicle
dynamics in the presence of hard-braking maneuvers, but
rather to model the dynamics in normal driving conditions.

Despite training on only 6 minutes of driving data, our
MS-NN achieves good generalization and sample-efficiency,
making it well-suited for real-world applications where the
training data is limited. Additionally, the small size of
the MS-NN makes it ideal for deployment on embedded
systems with limited computational resources. In fact, a C++
implementation of the MS-NN runs in less than 20 µs on
the 2.6 GHz Intel Core i7 CPU used in our simulations,
which means that the MS-NN can be deployed on lower-cost
hardware and still provide real-time performance.

VII. Conclusions and Future Work
This paper presented a novel friction-aware ABS framework,
which autonomously adapts the ABS parameters according
to the estimated road friction conditions. Our method
is based on original model-structured neural networks
(MS-NNs) to learn the vehicle longitudinal dynamics from
limited driving data, and uses a robust model selection
algorithm to estimate the road friction in real-time.

We trained four MS-NNs on datasets collected in four
corresponding road conditions, and used them for real-time
friction estimation with the MSPRT model selection
algorithm. We tuned the ABS thresholds for each road
condition, and then adapted the ABS parameters online based
on the estimated road friction.
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FIGURE 11. Comparing the measured and predicted longitudinal accelerations of our MS-NN and the two benchmarks from [18], for the dry, wet, snowy,
and icy road conditions. The proposed MS-NN (green line) achieves the lowest RMSE and FVU values in all the scenarios.

Our friction-aware ABS was tested in challenging
simulated scenarios with hard-braking maneuvers on varying
non-nominal road conditions. The proposed adaptive ABS
outperformed conventional ABS systems tuned for single
road conditions, achieving the lowest braking distances
(3.0% − 40.4% improvement) and avoiding wheel-lock in
all scenarios. The novel MS-NNs were compared with
two literature benchmarks, showing better accuracy and
generalization with limited training data. Finally, the MSPRT
model selection criterion outperformed the WTA benchmark
in terms of noise robustness and model switching stability.

Future work will extend the proposed approach to lateral
stability control systems, and will deploy the adaptive ABS
framework on a Raspberry Pi embedded microcontroller, for
real-time testing on the small-scale vehicle prototype used
in [53].
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[13] S. Löckel, J. Peters, and P. van Vliet, “A probabilistic framework for
imitating human race driver behavior,” IEEE Robotics and Automation
Letters, vol. 5, no. 2, pp. 2086–2093, 2020.
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